According to some observational analyses, it is reasonable to give the order of ten days in size as a representative time scale for the zonal motion of ultra-long wave disturbances with a long scale in meridional direction in the troposphere and the lower stratosphere. In this paper, we examine sets of equations applicable to this kind of disturbances by minimizing fundamental scales to be provided, that is, by providing each magnitude for space and time scales first. As a result, it is derived that the magnitude of meridional motion must be one order of magnitude less than that of zonal motion in the disturbances examined here. The first-approximate set of equations becomes a type of the quasi-geostrophic system in the troposphere and the barotropic equation in the stratosphere, and a type of linearized balance system is derived as the second-approximate one in the troposphere and the stratosphere.
Introduction
It is well known that the set of equations derived by BURGER (1958) is applicable to ultra-long wave disturbances which have the order of magnitude 107m as both zonal and meridional wavelengths and that Burger's type of disturbances is quasistationary.
On the other hand, DELAND (1965a) , ELIASEN and MACHENHAUER (1965) and DELAND and JOHNSON (1968) showed by resolving wave disturbances to spherical harmonic components that there exist ultra-long wave disturbances with a shorter meridional scale than a zonal one in the real atmosphere.
According to their results, such disturbances have the property of the traveling planetary wave, e.g. the disturbances with the Rossby-Haurwitz wave speeds. DELAND (1965b) furthermore pointed out by means of order estimation on the basis of the above analytical results that the two terms of time change and zonal advection in the vorticity equation are not negligibly small in comparison with the beta-term and that therefore the ultra-long wave disturbances with the above property are different from Burger's type of disturbances. DICKINSON (1968) also proposed a set of equations appropriate to ultralong wave disturbances, which have the orders of magnitude of the earth's radius and a 20-degree width in latitude as zonal and meridional scales respectively and one day as a time scale, in a nearly-isothermal atmosphere like the upper stratosphere. He concluded that the motions of ultra-long wave disturbances treated by him belong 390N.
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to the so-called quasi-geostrophic system discovered by CHARNEY (1948) rather than to Burger's system. On the other hand, MURAKAMI (1962) discussed, by using the method of scale analysis, the energetics of the interaction between zonal motion and disturbances with various scales, in which the disturbances with the orders of magnitude 107m and 106m in zonal and meridional directions are included. Some kinds of ultralong wave disturbances make different behaviours from the motions of Burger's type according to the results of the above three scale analyses. The time scale of the disturbances is set to the size of one day in Murakami's and Dickinson's scale analyses.
In the troposphere, however, DELAND (1965a) obtains at most about the size of 20 degrees of longitude per day as the phase speed of ultra-long wave disturbances with the high degree in spherical harmonic function from observational data. In the lower stratosphere, the disturbances of zonal wave numbers 1 and 2 move at a speed equal to or less than about 50 and 25 degrees of longitude per day respectively if the results by DELAND and JOHONSON (1968) are provisionally applied, though no references are found in them to the phase speed of the ultra-long wave disturbances with a higher mode in meridional direction. Thus, it is more realistic to consider that traveling ultra-long wave disturbances have the time scale of the order of ten days in size. Then we will also study the suitable sets of equations for ultra-long wave disturbances shrunken in meridional direction by setting a time scale to the order of ten days in size and using conventional scale factors.
Non-dimensional form of basic equations
The following five equations are used as basic equations, using Cartesian coordinates and assuming the hydrostatic relation and the beta-plane approximation. We here omit the two external forces of friction and non-adiabatic heating from the set of basic equations because they are not essential in the following discussions.
where we take the boundary conditions of vertical motions to be zero at the top and bottom of the atmosphere in order to simplify our discussions. The symbols are defined as follows :
zonal co-ordinate eastward meridional co-ordinate nothward f) vertical co-ordinate downward in pressure t time g zonal component of wind 1.) meridional component of wind Ci) vertical p-velocity, cifi/di 93 geopotential height of an isobaric level cb stream function 2 velocity potential e vertical component of vorticity, a2pa2+a2pa2 D horizontal divergence, a2vas2+a2va 2 j the Coriolis parameter at a standard latitude 0*, 2 I-) sin e* p the derivative of the Coriolis parameter with respect to p, 2 Q cos 1/R= constant :6 the angular velocity of the earth's rotation, 10-4 sec-1-R the earth's radius, 107 m
Poisson's constant of dry air ( ) dimensional quantity We shall define the following non-dimensional variables and parameters for deriving the non-dimensional forms of equations (2.1)-(2.5) :
where E and Ri mean the Rossby number and the Richardson number respectively, and Os, which is the function of pressure only, represents the normal geopotential height at each isobaric level. For non-dimensionalizing some of the variables, (2.7a) is used in the operation with respect to cc-direction and (2.7b) with respect to y-direction. Terms unrelated to both operations with respect to x-and y-directions, for example the third term in the left-hand side of (2.4), are examined by using both expressions of (2.7a) and (2.7b). It is known as a result that we can proceed with similar discussions and obtain the same resutls in either case, though not described here. The expressions in (2.7a) are used in the following discussions.
We can obtain a set of non-dimensional equations by substituting expressions (2.6), (2.7a), (2.7b) and (2.8) into the set of equations (2.1)-(2.5) ; that is We cannot explain physically why the meridional-advection term is picked up first in the thermal equation. In addition to this, the relation among expressions (3.2), (3.5) and (3.6) is inconsistent in considering the continuity equation.
Such contradictions arise from assuming r=1 and are dissolved by assuming r=10-1. Namely, we can say that the magnitude of the scale factor V is not 10 m • sec' but must be 1 m • sec' when making it correspond to magnitude 10 m • sec' as the order of magnitude of the scale factor U. The Rossby number is generally used as a fundamental parameter of scale analysis in the physical meaning of separating quasi-geostrophic motions from inertio-gravity waves. In addition to properties for quasi-geostrophic motions, the above necessary restriction for the relation between zonal and meridional motions is imposed upon the disturbances in our case apart from Burger's type of ultra-long wave disturbances.
So we are justified in adapting(=er-1), of which the form appears in the process of deriving non-dimensional equations, as the fundamental parameter in our scale analysis.
Thus, we start again after giving anew the order of magnitude 1 m • sec' to the • scale factor V . The magnitudes of the parameters r and both in (3.1) are replaced as follows and others are unchanged.
Moreover it is desirable for picking up same-order terms that the magnitudes of all terms in the set of non-dimensional equations (2.9)-(2.13) be equal to or less than unity. Therefore the thermal equation (2.10) is rewritten as follows since the use of the above value for enlarges the coefficient of the last term in its left-hand side to magnitude 10.
The following terms are selected in the zero order of
We know from expressions (3.12) and (3.13) that the zero-order approximation of both zonal and meridional winds is a geostrophic wind made by putting the Coriolis parameter to be constant and that the divergence is zero. The set of expressions (3.9)-(3.13) is consistent physically and there are no discrepancies like that of (3.2)-(3.6).
The
-order terms are equated as follows.
It is obvious from expressions (3.13) that the winds, vorticity in the vorticity equation (3.14) and the thermal-advection winds in the thermal equation (3.15) must be geostrophic ones computed by assuming the magnitude of the Coriolis parameter as constant regardless of latitudes. The vorticity equation turns into the quasi-geostrophic vorticity equation in which the Coriolis parameter of the divergence term also must be treated as constant without considering its latitudinal variation.
The static stability in the -order thermal equation (3.15) must be constant with respect to both horizontal space and time. Equation (3.16) means a geostrophic balance in which the magnitude of the Coriolis parameter is regarded as function of latitudes depending upon the betaplane approximation.
The -order winds must include the divergent part due to a dynamical effect.
A higher-order variable must be generally determined from lower-or same-order variables when speaking from the viewpoint of scale analysis. In accordance with this rule, equations (3.14) and (3.15) are not a prognostic equation but are changed to a diagnostic one for solving the -order vertical motion on even if they include a time-derivative term. On the other hand, when eliminating the time-derivative terms in equations (3.14) and (3.15) by using equations (3.11) and (3.17), we can get the following equation . We can compute all the terms in the right-hand side of the above equation from a spatial distribution only of the zero-order variables which mean a geostrophic wind treating the Coriolis parameter as constant, and so equation (3.19) is equivalent to the so-called quasi-geostrophic omega-equation. The vorticity equation (3.14) can recover a prognostic property when substituting the -,order vertical motion obtained from equation (3.19) into equation (3.14), and the set of equations (3.14), (3.15) and (3.19) forms a quasi-geostrophically prognosticating system. And then the total energy must be unchangeable in a prognostic system without external forces. Multiplying equation (3.14) by -1-1700 and equation (3.15) by p2(e2RiN ) iacio/ap, and using the -order continuity equation (3.17) and the geostrophic relation (3.11), we can get the following :-order energy equations.
where M is a whole mass in a domain under consideration without a normal component of energy flow at the lateral and vertical boundaries.
The relation of the above two equations proves that the total energy in the system of equations (3.14) and (3.15) is kept unchanged.
Next, let us consider the disturbances in a more stable atmosphere like the midlatitude stratosphere.
We can give the following values to some scale unit and parameters.
P=100mb
(3. 22) R i=103, e=10-1.
Other parameters and scale units are the same as those in (3.1) and the following from of the thermal equation is used by similar reasoning to the previous one.
Again same-order terms are picked up after substituting the non-dimensional variables expanded by into equations (2.9), (3.23) and (2.11)-(2.13).
The following are written as the zero-order terms.
The aboves are quite the same as expressions (3.9)-(3.13).
The .-.order equations are obtained as follows.
The -order vertical motion too is equal to zero and the order winds do not include the divergent part due to a dynamical effect. Accordingly the-order vorticity equation becomes the barotropic equation (3.29). All this naturally follows from the fundamental understanding about the dynamical relation between vertical motion and stability.
It is easily known that the energy equation obtained by multiplying equation (3.29) by -00 conserves the total kinetic energy in a closed domain without normal flux at the boundaries. Equation (3.31) is identical with equation (3.16), which is the so-called linearized balance equation.
The 2-order vorticity equation includes the -order stream function and winds obtained by solving equation (3.31) , that is, computed by treating the Coriolis parameter as
